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Abstract 



This work addresses the study of the oscillator algebra, defined by four parameters p, q. a, 
^ 1 and v. The time-independent Schrodingcr equation for the induced deformed harmonic oscillator is 

■ solved; explicit analytic expressions of the energy spectrum are given. Deformed states are built and 

. discussed with respect to the criteria of coherent state construction. Various commutators involving 

t annihilation and creation operators and their combinatorics are computed and analyzed. Finally, 

the correlation functions of matrix elements of main normal and antinormal forms, pertinent for 
' quantum optics analysis, are computed. 

t-H ■ 

1 Introduction 

The deformation of the harmonic oscillator algebra whose applications in physics are presently rather 
technical but nonetheless very promising, possesses an important and useful representation theory in 
connection to that of their classical limit algebra. From the other side, there are some hopes that, 
in physical studies of nonlinear phenomena, the deformed oscillator can play the same role as the 
usual boson oscillator in usual nonrelativistic quantum mechanics. This could explain why various 
quantum deformations of boson oscillator commutation relations have attracted a great attention 
during the last few years (see pQ- |17j and references therein). This might be also due to the fact 
that there exist correspondences between quantum groups, quantum algebras, statistical mechanics, 
quantum field theory, conformal field theory, quantum and nonlinear optics and noncommutative 
geometry, etc. Furthermore, such a connection is extended to coherent states (cs) deducible from 
the study of quantum groups and, therefore, from the deformation of Heisenberg algebra. As a 
pertinent application in quantum optics, cs can be used to compute matrix elements, u {z\a) m a n \z) v , 



u (z\a n a fm \z) v , corresponding to normal and antinormal forms, respectively [T7], (also called symmet 
form), by using the normal product technique. 



ric 
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Note that the most spread, in the literature, multiparameter deformation of the harmonic oscillator 
is the so-called (p, q)— deformed oscillator. For more details, see [5]. To cite an example, let us 
mention the (p, q)— deformed oscillator algebra defined by the following Chakrabarti and Jagannathan's 
commutation relations |7J: 

aa) — qa)a = p~ N , aa) — p _1 a)a = q N , [N,a] = —a, [N, a)] = a\ where p,g 6 1; a, a) and 
N = a) a are the annihilation, creation and number operators, respectively. This deformation has been 
generalized in various ways in the literature [1] [6] and [8]. 

This paper extend the result on [8] by introducing two new positive parameters functions </>i and 4>2- 
The spectrum and states of this new class of quantum oscillator algebra are given. We also analyzed 
the coherent states and correlation functions useful for the study of quantum optics properties. 

The work is organized as follows. In section 2, we give the preliminary and definitions permitted 
to define properly the mean result of our work. Section 3 is devoted to compute related deformed 
states. Relevant correlation functions as well as new identities are also built in section 4. We give in 
Section 5 a discussion of a particular case of algebra ([3]). We end with the concluding and remarks in 
section 6. 

2 New class of deformation quantum oscillator algebra 

We start from the following mains definitions of the (p, q)— deformed oscillator algebra and its gener- 
alization. 

• The (p, q)— oscillator algebra is generated by three elements a, and N obeying the relation [7] 

aa) — p~ l a) a = q N , aa) — qa) a = p~ N , [N,a] = —a, [N, a^] = a^ . (1) 

• The (q,p; a, f3, I) — deformed canonical commutation relations defined in [6] is written as follows 

aa) - q l a)a = p~ aN -^ aa) - p~ l a^a = q aN +? 

[N,a] = --a, [N,a)] = -a). (2) 
a a 

It is worth noticing that further generalization involving a new parameters <f>\ and fa generate a richer 
algebra, with novel interesting properties, as we will see in the sequel. In this case, we arrive at the 
following definition. 

Definition!.: (The deformed algebra) The deformed algebra generated by the operators {1, a, a) , N} 
is defined in this paper by the relations 

aa^ -q u a^a = MP,Q)P~ aN , aa ] - p~ v a^ a = <f> 2 (p, q)q aN , (3) 



[N,a ! ] = -a\ [N,a] = a. (4) 

a a 

where 4>i(p,q) and fa{p,q) are two non singular and real valued positive functions of deformation 
parameters p and q. 

Remarkl: It's important to notify immediately that in the limit when v, a —¥ 1 and (j>i(p,q) = 
faip, o) = 1) one recovers the algebra studied by Chakrabarti et al FT]/. In the same manner if(j>i(p, q) = 
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P~^ ') ^(P) <?) = > we recover the well known algebra investigated by Burban FJJJ/. So the introduction of 
such regular functions <j>\ and <p2 generalized the previous oscilator algebras existing in the literature. 
From (|3|), one can easily deduce that 

t _ Mp,q)p- aN ~ u -Mp,q)q aN+u t _ Mp,q)p~ aN - Mp,q)q aN 

aa — j a a — . v^J 

p— v _ qv p—v _ gv 

Let J 7 be a Fock space spanned by the orthogonal basis {|n), n = 0, 1, 2 . . .}. We defined the vacuum 
state |0) as the eigen- vector of N such that iV|0) = Xo|0}- Due to the commutativity of aa^ and a^a 
with N, we may assume that aa^\0) = no\0), a^a\0) = Ao|0), Xo, and Ao are three reals numbers. 
We will also impose the normalization condition (0|0) = 1. 

Propositionl The states \n) are built as follows: if pq < 1 and (/>2(p,q) < <I>i(p,q) 

n nu(n—l)/4: 

\n) = P ^a tn |0), n > 0, (6) 

\J T p-i, q (0i)(^\p,q)Mp,q)(pq) axo+u -dpq)nn 

and if pq > 1 and <j)i(p, q) < 4>2{p,q), 

—nv(n—l)/i 

\n) = = a tn |0), n > 0. (7) 

^T^ 1 (h)(^2 1 (j>^)Mp,q)(pq)- ax °- u -,(pq)- l/ )n 

The states ([6]) and (J7|) satisfy the orthogonality and completeness conditions 

oo 

(m\n)=S mn , \n){n\ = 1. (8) 

n=0 

In order to understand and study properly this new oscillator algebra we calculate the actions of 
the deformed operators a, and N on T and get 



if pq< 1 and 4>2(p,q) < 4>i(p,q) 



a \ n ) = rl /2 lA {Mp,q))p- {n - l)v/2 ^- ^^(P^ a ~^\ n ~ !>■ 



(9) 



if pq > 1 and </>i(p,q) < fo(p,q) 



= ^-i(^(p. q))q {n ~ 1>/2 ^ - |^f^)" ax ™ l n - ( 10 ) 

if P9 < 1 and <p2(p,q) < <Pi(p,q) 

«V) = r^/Mp,q))p- w/2 \J^ j^ ) (pq) axo+ '^' v \ n + !)• (ii) 

if pg > 1 and </>i(p, g) < 2 (p, g) 



a V> = ^-i(^(p, ?))? W2 y^^^(P9)-^°- ( "^ i^+i)- (i 2 ) 
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Let T p q (t) = — -, it gets even 

pu _ gu 

N\n) = ( Xo + n )\n). (13) 

From (|6j)- (|12p . one can deduce that 

aaJ\n) = — \n), (14) 



Ynv 



M = ^Mv-™-™-hM^ |n) (15) 

p~ v -q v 1 ' V ' 

Finally we may conclude that, the states |n) solve the time-independent Schrodringer equation of the 
deformed oscillator Hamiltonian H = a^a + aa^ , i.e. H\n) = E!^ a (p,q)\n), with the corresponding 
eigenvalue E^ a (p,q) given by 

K, a M = ^-^,(0l(p,9))p" (n " 1) "|l+^-^^(Mr xo+ ^(l + gn|, (16) 

with pq < 1 and <p2(p,q) < </>i(p, (?) 



<t>i(p,q), 



K*M = r q ^(Mp,q))q (n - 1)u y + f-j^ (17) 

with > 1 and 4>i(p,q) < 4>2(p,q)- (18) 

It follows from (|16p and (|17p that the spectrum of the deformed Hamiltonian H is symmetric under 
the change q -> p" 1 , 0i(p, g) -> 4>2{p,q)- 

Proposition2 For A and B £ L(C), where L(C) is the set of linears operators acting on Fock space 
C we consider the q u and p~ v commutators defined by: [A,B] g v = AB — q v BA and [A, B\ p - V = 
AB — p~"BA, the following brackets hold 

\ n „t"*+ii - „tm I Mp,q)p- aN {p- {m+1)u -<i v )-<t>2{p,<i)q aN {q ( - m+1) ' y -qn \ 
[a,a [ \ q u - a 1 I p -«- q v I, 

[a, at m+1 ] p _, = o tm ^i(P.g)p" Q ^(P~ (m+1) "-P~p"fefagk a ^(g (m+1) "-P^ _ ( 19 ) 

Proof The proof can be performed by using equation ([5]). ■ 

For n,m € N\{0}, the expressions of operators a n a) m and o) m a n are given in different cases by 
the following relations 

• For n < m 

aV m =p"K^)7^ li9 (0 1 (p,g))(|^(p fl )^;(pg)-)y— (20) 
if pq < 1 and 4> 2 (p,q) < 4>i(p,q)- 

a n a W = 5 K^7^ p _ 1 (<A 2 (p,g))(|i|^|(pg)- Qjv ^; (pq)-")^*™, (21) 
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if pg > 1 and <j> x (j>, q) < <p 2 {p, <?)• 

a*»a« = P -"(S) [ {p , q) s;rr p -,, q (MP, <?))] n {^§^^ aN+u ; {pq) v )a 

if pq < 1 and (fc>(p, g) < </>i(p,g)- 



fm— n 



a tm " n , 



if pg > 1 

• If n > m, 



and 4>i(p,q) < fa(p,q) 
n > m, 

„n„im on I 

a a 1 -p V2 V?) 6 at 



if pq < 1 and 2 (p, g) < <j>i (p, g) ■ 
if pg > 1 and 0i(p, g) < 2 (p, g). 



n—m 



n—m 
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if pq < 1 and 2 (p, q) < <t>i(p, q) 

if pg > 1 and 0i(p,g) < </> 2 (p, <?) 
• If n = m, 



a 

m 



n—m 
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a V n = p -i/( 



— -(pg) ;(pg) ) , 

©9 P, /n 



if pg < 1 and 2 (p, g) < 0i(p, 

if pg < 1 and 2 (p, ?) < <^i(p, (?)■ 

ifpg < 1 and ^ 2 (p,g) < </>i(p, g). 

atV = g-G) [ g5 -r,, p - 1 (0 1 (p,g))] n (||i|(pg)-^; (pg^ 

if pg > 1 and 4>i(p,q) < 2 (p, g)- In the above expressions, ( Pj(? )5 a t is the translation operato 
as follows 

(M) 6 at -p^ a t g o at , p 5 at p -p , q <b at q -q , VraGR 



The operator T p>q (t) acts on the vacuum state |0) as follows 

r P ,M0) = jr—^io), 



(33) 



where the product (a; q)\ = (1 — a)(l — aq) ... (1 — aq 1-1 ), I = 1, 2, 3 . . .. This results reveal to be useful 
for deducing the commutators between a n and a) m 
• For n < to, 



[a , a 



x (^\( P qr N+ »-,(P<ir) « tm - n , 

\(pl{p,q) In 



\ipq<\ and <\>i{p,q) < 4>i{p^l) an d 



n fmi 

a , a' 



if pq > 1 and 4>i(p,q) < 2 (j> 5 q)- 
• For n > m, 

a ,a' 



if pq < 1 and 02 (p, q) < 4>i{p, q) and 
\a , a 1 L* = 



p K?) (b, ? ) 5 a n t - q n P sj7; r \ q (Mp,q)) 

— -{pq) ;(p<?) a 

<pi{p,q) >m 



(34) 



(35) 



if > 1 and 0i (p, g) < 02 (p, q) ■ Noting that by similar computation we can derive the p v commu- 
tators between a n and o) m . 



3 Coherent states 

In this part we investigate some class of deformed states. These states are the eigenstates of the 
annihilation operator so called coherent states. 

Proposition3 The CS associated with the algebra ([3]) and @ with (xo = and v = a ) are given in 
different case by 



1. ifpq < 1, <j) 2 (p,q) < 01 0, 

r.\ 2 ) 

n=o yV 1 ^ 1 (p, q)(f>2(p, q)(pq) u ~\ (pq) 



00 „n^(n-l)/4 n 



where 



uy ' t' (^ 1 (p,q)Mp,Q)(pQ) u ;(pqr)n^ Mp,q) ' ' K } 
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2. if pq> 1, 4>i{p,q) < 4> 2 {p,q) 

n =o \jT n ((f> 2 (p,q)<f>i(p,q)(pq)- u ; {pq)~ v )n 



00 — nv(n— 1)/4 n 

>„ = M-^ 2 (\z\ 2 ) 1 Q =\n), z € ©„, (3J 



where 



(39) 



In i/ie above expressions the convergence domain T> v of the serie N u {x) is given by 

V v = {z € C : \z\ 2 < R u }, with R u = 00, v > 0. (40) 
is £/ie radius associated with the same series. 

In the limit, when (f>i(p,q) = 1 = 4>i(p,q), p, q — >■ 1, the series N v (x) is reduced to the usual 
exponential function e x . Also, when 4>i(p,q) = 1 = 4>i(p,q), p — > l,u — >■ 1 the series J\f v {x) is reduced 
to the g— exponential function e g (x). The most important of property of is that if l^'}^ is another 
CS, then 

/ '1 \ K(zz') 
v (z \z) v = — , (41) 

vS 1 1v ^N v (\z\ 2 )N v {\A 2 ) 
which means that such states are not orthogonal. 

Proposition The CS defined in (|36p and (|38p are normalized, are continuous in z. and solve the unity 
i.e, fjj ^-W u (\z\ 2 )\z) l/ v (z\ = 1. The resolution of unity assumes the existence of a positive weight a 
function W u {\z\ 2 ) such that W v {x) = J\f u {x)W u (x), x = \z\ 2 . 

Proof: From (|4ip . when z' — > z, (|36p and (|38p are normalized. For the continuity we can see that 
\\\z') v - \z) v \\ 2 = 2(1 - Ke v {z'\z) v ), so 

\\\z') v - \z)v\\ 2 -»• as \z - z'\ -> 0, 

since u (z'\z) u — > as — z\ — >■ 0. The resolution of the unity can be seem by using the relation 



^2 00 p»w(ra-l)/4+mi/(m-l)/4 T 



/ -w,(|z| 2 )|.}_^i = Yl 



n-\-m 



A>„ vrAC(k| 2 )' 



where W I /(x) has to be determined from the equations 



(42) 



if < 1, 4>2(p,q) < <\>\ (p, <?) and 

^ . ^(^^ (^)«, (43 ) 



-<feb,<?) ' /nVl-(pg)- 

if pg > 1, </>i(p, g) < </>2(p, <?)• If ?i is extended to s — 1, s € C, then the problem can be formulated to 
the classical Stieltjes power moment problem when < pq < 1 or Hausdorff power moment problem 
when pq > 1 . ■ 
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4 Matrix elements 



Let us now compute correlation functions with matrix elements of normal and antinormal forms 
pertaining to quantum optics. 

• For n < m, if pq < 1, 02 (p, q) < 4>i{Pi l), the normal form is defined by 

°° w (r-l)/4+«/(»-l)/4 -sja 

,(z|at™a™|z), = ACHM 2 ) £ P ^=-7ffn, (44) 

where the matrix elements J^f n are given by 

J^n = (r\a^a n \8) 

= c s c-\ n+sP ^) ( ^^y ) B ($feS(pgr; (M)- w ) B «r. m ^f., (45) 

and 

if > 1, 0i(p,g) < 02(p,g) 

ri/ ( r _l)/4_ ai/ ( s _l)/ 4f _r±a p 



rs 

7(171 



^=o V /(ffi}(w)-'; (M)^),.(|feg(pg)-; taF)T 

where the matrix elements FJ^ n are given by 

F™ n = (r\ai™a n \s) 

= C s C-\ +s q-^) { ^tt-^ T^^r^ W^)W, (47) 

^^(^"(^-^r): 1 . (-) 

The antinormal form if pq < 1 , 02 (p, q) < 4>\ (p, q) , is given by 

where the matrix elements £7£f n are given by 

0£ n = (r\a n a^\s) 

= C s C-\ +sP ^) (^^l)"^^)^; ^)-) n ^ m _ n+ , (50) 



if > 1, 0i(p,g) < 02 (P,?) 

v (z\* n <f m \*)v=K\\A 2 ) E ^ HL 



=° v^iM^ (^M^(^; W 1 ^ 
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where the matrix elements G™ n are given by 

GZn = (r|a"of"|s> 

= c,c-i n+ , q -^) ( *-"tfffr iy )'($feg(w)-' rt -». <«)»). 

• For n > m, if < 1, 02 (p, q) < 0i(p, 5), the normal form is defined by 

u (z\a^ m a n \z) u =M-\\z\ 2 ) 



=0 v ft£fejM*'; WM^jW; (w)")J mB ' 

where the matrix elements C/£f n are given by 

= (r|at™a"| S ) 

if pg > 1, 0i(p,<?) < h(p,q), 



v {z\^ m a n \z) v =M-\\z\ 2 ) ]T 



_ r ^( r _l)/4_ SJ y( S _l)/4~-l±£ p rS 



where the matrix elements G^f n are given by 



'Zn = (r\a^a n \ 

n 



Js,r+n—mi 



The antinormal form if pq < 1, 02 (p, 9) < <fii(p,q), 1S expressed by the formula: 

where the matrix elements J^f n are given by 

J£ n = (r\a n a^\s) 

if pq > 1, 0i(p,<y) < 02 (p,?) 

„— ru(r— 1)/4— si/(s- 1)/4^:— f^irs 



,(z\a n <f m \z) v =K\\A 2 ) E 



r,.=o vA^to) - "; (m)"^(SB(m)- v ; (p?)-")* 

where the matrix elements F™ n are given by 

F- n = {r\a n a^\s) 
- ^s^r+n-ml X2J \ l-(pq)— ) ^( M )Wi 'API) J J>s,r+n-m- 



5 Discussions 



This part addressed the study of the previous deformation in the particular case that we present. Let 
us reexpressed the relations Q as 



aa ]n - q nv cJ n a = [nv]];^y n ~ l p~ aN 
aa) n - p~ nu a) n a 



MpiX™" 1 ^, Vn €N\{0}, 
where the quantity [njp^t? is the deformed number given by 

ifc.fc <Mp, q)v~ nv - <h(p, q)q nv 



\nv 



(58) 



(59) 



Then it appears important to emphasize that: By setting C\ as the Casimir operator and defined the 
regular operators functions 



i(p, ?,<?!) = (l + 27d)p-^ h(jP,q,Cx) = {l + 2 1 C 1 )q 







(60) 



such that </>i|n) = (1 + 2 7 o; 2 )p ^jn) and <^2| n ) = (1 + 2 7 cj 2 )q^|n), where w 2 is the eigenvalue of the 
operator C\. The commutation relations ([3]) take the form 



t _ ^„t 



aw — q 



a f a = 4>i(p,q,C 1 )p aN , oo 1 " - p "ala = (f> 2 (p,q,Ci) 



aN 



(61) 



The eigen-equation associated with the Hamiltonian operator H^Z{p, q) = a)a+aa) , i.e. H^(p, q)\n) 
p(p,q)\ri), is such that the corresponding eigenvalue ^(p,q) is written as 

KI,bM = (l + 2W){q axo+nu ^ + (l+p-l[n^ + ax + f3] {p , q] u ) } 



or, equivalently, 



where 



= (l + 2 7 u; 2 ){p-^— ^ + (l + 5")[^ + «X0 + 



"(Gp-W);(p-W)) n 



[n; 7 Ci]( M; ,)!= 1 + 2 7 C : 



(P- 



(62) 



(63) 



(64) 



Indeed, for n,m € N\{0}, we derive the next commutators: 
• For n < m, p < 1 and g > 1, 



a n ,(at)"V 



(1 + 2 7 Ci)" 



- a ^-^^ + ^);(p-*,<f))n 



(at) 



f \m— n 



There follows: 



m_1 r«« otw»i 



n=0 



I = (P,9) 5 at ( 1 



ip,g) 



);(p t m -« 

a 1 



n=0 



((p-^^);(p— ,<z")) 



^);(p- v ,g v );o t "V t ' n . 



(65) 
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where C m is a deformed hypergeometric function given by 



^ ((p»?);(p»9))n 



By using the (p, g)-binomial theorem given by 



n=0 



((P,q) 4 ,(p,q))n ({p,az);(p,q)) c 



and for m -> co, the relation (j65j) is reduced to the 



29. IUt-1 



a T II < 1, 



For n > m, by using the identity 

[m; 7 C 1 ] (Pj3 ., ) ! = (-ir(l + 27 



V {P q) (p-»-q») m 



we infer 

? ^ la n ,a^] g »((p»,0);(p»,q-n) m 



m=0 



where 



aN -e,q aN+ ey,(p»,q-»y,a-'}a n , 



n-l 



, y(p»,q-n;a- 1 ] = Yl 



m=0 



((p- aN -P,g aN+ Py,(p u ,q- u )) m a - m 
((0,q-»),(p»,q-»y,(p",q- u ))m a 



When n — > oo, (ITT]) becomes 



2<fl 



(p- aJV -^g aJV+ ^),0 
(0,q- v ) 



(p\q-»ya- l \\\a- l \\<l. 



For n = m, we obtain 



£ 

n=0 



((1, 0), (p-", g")) n a"(at) 2 "a"(p-'- - q") n 
[n; 7 Ci]! 



2</>l 



Op' 



-aN—P—v fl aN+f3+v^ ^aN+p n -aN 



(0,1) 



(66) 



(67) 



(68) 



(69) 



(70) 



(71) 



(72) 



(p-,g-);(l + 2 7 C 1 )(^- 1 r iV ^ , (73) 



6 Conclusion 



In this paper, associated relevant properties have been investigated for the induced deformed harmonic 
oscillator; the energy spectrum has been explicitly computed. Deformed coherent states have been 
built and discussed with respect to the criteria of coherent state construction. Various commutators 
involving annihilation and creation operators and their combinatorics have been computed and an- 
alyzed. Finally, the correlation functions of matrix elements of main normal and antinormal forms, 
pertinent for quantum optics analysis, have been computed. 
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